We present a simple but generalized interpolation method for digital images that uses multiwavelet-like basis functions. Most of interpolation methods uses only one symmetric basis function; for example, standard and shifted piecewise-linear interpolations use the "hat" function only. The proposed method uses q different multiwavelet-like basis functions. The basis functions can be dissymmetric but should preserve the "partition of unity" property for high-quality signal interpolation. The scheme of decomposition and reconstruction of signals by the proposed basis functions can be implemented in a filterbank form using separable IIR implementation. An important property of the proposed scheme is that the prefilters for decomposition can be implemented by FIR filters. Recall that the shifted-linear interpolation requires IIR prefiltering, but we find a new configuration which reaches almost the same quality with the shifted-linear interpolation, while requiring FIR prefiltering only. Moreover, the present basis functions can be explicitly formulated in time-domain, although most of (multi-)wavelets don't have a time-domain formula. We specify an optimum configuration of interpolation parameters for image interpolation, and validate the proposed method by computing PSNR of the difference between multi-rotated images and their original version.
INTRODUCTION
Interpolation is one of the standard operations in digital signal/image processing. 1, 2 In most of high quality interpolation methods, input signals are first transformed into weight parameters of the given basis function by prefiltering (decomposing). After that a continuous signal is reconstructed as a weighted sum of shifted basis functions by reconstruction filtering. The inherent problem of those algorithms with prefiltering is that the prefilter often makes Gibbs phenomenon (oscillations) which is favored by the fact that the prefilter is generally given as an IIR filter. A way to reduce Gibbs oscillations would be to employ multiple generators (basis functions) instead of one. This is because the prefilters for multiple generators can be FIR filters for a certain range of parameters values.
In the first part of this paper, we will be investigating FIR interpolation using multiple generators. Then we will pay a special attention to the family of piecewise-linear interpolation because of its simplicity and low computational cost. Among the multitude of algorithms that have been proposed, piecewise-linear interpolation is still the method of choice for many applications due to its low computational cost.
Recently, two of the present authors have proposed shifted-linear interpolation 4 which greatly improves the quality of reconstructed signals/images while preserving the low computational complexity of piecewise-linear interpolation. While it clearly outperforms the classical algorithm in terms of quality, it has one negative side effect; namely, the introduction of a Gibbs-like phenomenon (oscillations) when interpolating step-like functions, as mentioned in the literature. 4 The presence of these oscillations tends to increase the dynamic range of the output image; this effect is especially noticeable in successive interpolation experiments such as multiple image rotations.
Both standard and shifted linear interpolation methods employ wavelet-like basis functions that are shifted replicates of a single generator: the "tent" function, which has a central axis of symmetry. In principle, this type of representation can be generalized by introducing multiple generating functions which are not necessarily symmetric anymore. However, to be acceptable from an approximation theoretic point of view, the representation should preserve the "partition of unity" property; more generally, it should allow for the perfect reconstruction of linear polynomials. 5 The question that we address in this paper is whether or not there are advantages to switching to representations with multiple generators for the task of signal/image interpolation.
We will do so by considering a generalized piecewise-linear model whose knots are not necessarily equally spaced nor symmetrically placed. The underlying model, however, remains regular in the sense that the distribution of the knots follows a periodic pattern. In this context, it is of great interest to determine the optimal placement of the knots so that the interpolation error is minimized. Interestingly, we will see in the case of two generators that the optimal placement of the knots is not at the sampling locations, nor that they should necessarily be equally spaced.
We will first start from a generalized model of multiple piecewise-linear generators, and describe the special case of two generators in detail. Then we evaluate the approach with respect to the specific task of signal/image interpolation. Then we will apply the method to image interpolation and compare its various versions with the traditional approach. This will allow us to determine the optimal parameters values for best performance according to two criteria: (1) maximum PSNR (Peak Signal-to-Noise Ratio), and (2) minimization of the Gibbslike oscillations. With respect to this last item, we found that the prefiltering (decomposition) scheme could be implemented by FIR filters for a certain range of parameter values, which essentially gets rid of this problem.
PROBLEM FORMULATION

Consider a sequence of samples f[n] = f(nT ) sampled from a function f(x) with the sampling interval T . In case of one basis function ϕ(x), the interpolation function f T (x) reconstructed from the samples f[n] is given by a linear combination of shifted basis functions as
In ( 
In case of q basis functions {ϕ j (x)} q−1 j=0 , the interpolated function f T (x) is given by a linear combination of qT -shifted basis functions as
where c k and φ(x) respectively denote the weight vector and the basis vector as
The objective of this paper is first to establish the prefiltering relations in the multiple generator case, and then to investigate whether interpolation quality can be improved by using multiple basis functions instead of one.
GENERALIZED PIECEWISE-LINEAR MULTIPLE GENERATORS
This section develops the concept of piecewise-linear interpolation with multiple generators, and studies the case of two generators in detail.
General Principle
We first start from q different basis functions: φ 0 (x), φ 1 (x), . . . , φ q−1 (x). Hereafter, the sampling interval T is set to be one for the simplicity.
For integer values of x, (2) is reduced to
The Discrete-time Fourier transform (DTFT) of (3) can be written as
where
In (4), F (e −jω ) and B ϕ (e −jω ) are 2π-periodic in ω, and C(e −jqω ) is 2π/q-periodic in ω. Thus, if we substitute
remains unchanged. Then we can rewrite the q-corresponding equations in the following matrix form:
Therefore, the DTFT C(e −jqω ) of the coefficients c k can be derived by
F e −j(ω+2π
A filterbank implementation of this equation is shown in Fig. 1 , where the prefiltersΦ
For a certain class of basis functions, the determinant of the matrix in (5) becomes a delay (e −jqω ) which is the necessary and sufficient condition for the prefiltersΦ(z) to be FIR. 
Case of Two Basis Functions
Here we consider the case of two generating piecewise-linear functions ϕ 0 and ϕ 1 . The representation of those functions can be dissymmetric but mirror to each other to satisfy the "partition of unity" as in Fig.2 , i.e.
which reconstructs a signal by The parameters τ and α correspond to the shift and the dissymmetry, respectively. For any x ∈ R, the basis functions satisfy the partition of unity:
If τ + α < 1, the prefilters and the reconstruction filters can be derived using the frequency domain approach developed in the previous subsection. In this case, the matrix in (5) can be written as
which leads the FIR expressions of the reconstruction filters Φ 0 (z) and Φ 1 (z) as
2 − α ,
The inverse of the matrix in (6) can be derived as
which also leads the FIR expressions of the prefiltersΦ 0 (z) andΦ 1 (z) as
The prefiltersΦ 0 (z) andΦ 1 (z) can also be derived by time domain calculation based on the recursive equations:
Also, the reconstruction filters Φ 0 (z) and Φ 1 (z) can be computed based by
The whole process can be drawn in a filterbank form as in Fig.3 . 
SIMULATION
In this section, we evaluate the proposed scheme of two piecewise-linear generators through some simulations.
Similarly to the literature, 4 we first evaluate the functions through 15 successive image rotations by 24
• . The target images are as shown in Figs.5-7(a) which have different characteristics: "Lena" mainly has low frequency components, "Baboon" contains every frequency component and "Particles" is a binary image and regarded as an extreme example.
We tested various combinations of values of the parameters τ and α for those three images to see which combination is the most suitable. In Fig.8 , we also find that there is another local optimum PSNR around τ = 0.21 and α = 0.58. The PSNR here is a little bit lower than that in the shifted-linear case, but the reconstructed images have almost the same quality as shown in Figs.5-7(c),(d). The maximum and minimum values of the reconstructed images are very wide in the shifted-linear case, and are closer to the original in the local optimum case as listed in Table 1 . As we see in Fig.6(c) , there are some white and black pixels like impulse noise. The values of these pixels are very far from the original range, they are the very reason of data in Table 1 . The wide range in the shifted-linear interpolation is a consequence of its Gibbs-like oscillations when interpolating step-like functions. Figure 4 shows the result of interpolating a unit step function. Shifted-linear interpolation causes oscillation for several steps. In the local optimum case (τ = 0.21 and α = 0.58), there are two possible behaviors (a) and (b) due to two different basis functions. The oscillation in (a) is smaller than that in Shifted-linear, and the case (b) does not make any oscillation. They lead to the smaller range in Table 1 .
Computation time for the proposed scheme is almost the same with that for the shifted-linear interpolation, if the processes for c 0 and c 1 in Fig.3 can be executed in parallel.
CONCLUDING REMARKS
In this paper, a concept of generalized piecewise-linear multiple generators and its applications have been presented. The present multiple basis functions can be regarded as generalized piecewise linear interpolators. We also developed a scheme of decomposition and reconstruction of signals/images by two dissymmetric piecewise linear basis functions in a form of a filterbank. Then the scheme was evaluated through computer simulation of digital image rotation.
The error in interpolation and the optimum values of the parameters must be further studied mathematically. 
